Stability of closed characteristics on compact convex 

hyp ersurf aces in R 

Wei Wang* 
School of Mathematical Science 
Peking University, Beijing 100871 
PEOPLES REPUBLIC OF CHINA 

Abstract 

In this paper, let S C R 6 be a compact convex hyper surface. We prove that if £ carries 
only finitely many geometrically distinct closed characteristics, then at least two of them must 
possess irrational mean indices. Moreover, i/E carries exactly three geometrically distinct closed 
characteristics, then at least two of them must be elliptic. 

Key words: Compact convex hyp ersurf aces, closed characteristics, Hamiltonian systems, 
Morse theory, mean index identity, stability 

AMS Subject Classification: 58E05, 37J45, 37C75. 
Running title: Stability of closed characteristics 

1 Introduction and main results 

In this paper, let S be a fixed C 3 compact convex hypersurface in R 2n , i.e., E is the boundary of a 
compact and strictly convex region U in R 2n . We denote the set of all such hypersurfaces by TL(2n). 
Without loss of generality, we suppose U contains the origin. We consider closed characteristics 
(t, y) on E, which are solutions of the following problem 

(y = JNx(y), 
\y(r) = y(0), 

( "M 

where J = , I n is the identity matrix in R™, r > 0, iVWy) is the outward normal vector 

\In J 

of E at y normalized by the condition iVs(y) • y = 1. Here a ■ b denotes the standard inner product 
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of a, b G R 2n . A closed characteristic (r, y) is prime, if r is the minimal period of y. Two closed 
characteristics (r, y) and (u, z) are geometrically distinct, if y(R) 7^ z(R). We denote by ^7(E) and 
c7(E) the set of all closed characteristics (t, y) on E with r being the minimal period of y and the set 
of all geometrically distinct ones respectively. Note that J7"(E) = {9 • y\9 G S , y is prime}, while 
J{T) = J{Y>)/S l , where the natural ^-action is defined by 9 ■ y(t) = y(t + t9), MO G S 1 , t G R. 

Let j : R 2n — > R be the gauge function of E, i.e., j(Xx) = A for x G E and A > 0, then 
j G C 3 (R 2n \ {0},R) n C°(R 2n ,R) and E = j' 1 ^). Fix a constant a G (1, 2) and define the 
Hamiltonian function H a : R 2n — ► [0, +00) by 

H a (x) = j(x) a , Vx G R 2n . (1.2) 

Then H a G C 3 (R 2n \ {0},R) n ^(R^R) is convex and E = H^il). It is well known that the 
problem (|l.ip is equivalent to the following given energy problem of the Hamiltonian system 

( y(t) = JH' a (y(t)), H a (y(t)) = l, Vi G R. 

{ 1-3) 
i y(r) = y(0). 

Denote by i7(E, a) the set of all solutions (r, y) of (|1.3p where r is the minimal period of y and 
by i7(E, a) the set of all geometrically distinct solutions of (|1.3D . As above, i7(E, a) is obtained 
from c7(E, a) by dividing the natural 5 1 -action. Note that elements in i7(E) and ^7(E, a) are one 
to one correspondent to each other, similarly for ^(S) and i7(E, a). 

Let (r, y) G J7"(E, a). The fundamental solution j y : [0, r] — > Sp(2n) with 7 y (0) = l2 n of the 
linearized Hamiltonian system 

w(t) = JH'Mt))w(t), Vt G R, (1.4) 

is called the associate symplectic path of (r, y). The eigenvalues of J y (r) are called Floquet mul- 
tipliers of (r, y). By Proposition 1.6.13 of [Eke3| . the Floquet multipliers with their multiplicities 
of (r, y) G i7(E) do not depend on the particular choice of the Hamiltonian function in (|1.3p . For 
any M G Sp(2n), we define the elliptic height e(M) of M to be the total algebraic multiplicity of 
all eigenvalues of M on the unit circle U = {z 6 C| \z\ = 1} in the complex plane C. Since M is 
symplectic, e(M) is even and < e(M) < In. As usual a (r, y) G J7(E) is elliptic, if e(7 y (r)) = 2n. 
It is non- degenerate, if 1 is a double Floquet multiplier of it. It is hyperbolic, if 1 is a double Floquet 
multiplier of it and e(7 3/ (r)) = 2. It is well known that these concepts are independent of the choice 
of a > 1. 

For the existence and multiplicity of geometrically distinct closed characteristics on convex 
compact hypersurfaces in R 2n we refer to [RabT] . [WeiT] . [EkLl] . [EkHlj . |5zul] . |HWZlj . [LoZl] . 
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[LLZl], and references therein. Note that recently in |WHL] , Wang, Hu and Long proved ^JJ(E) > 
3 for every E G H(6). 

On the stability problem, in |Eke2] of Ekeland in 1986 and |Lon2] of Long in 1998, for any 
£ G 7i(2n) the existence of at least one non- hyperbolic closed characteristic on £ was proved 
provided #i7(£) < +oo. Ekeland proved also in |E ke2] the existence of at least one elliptic closed 
characteristic on £ provided £ G H{2n) is \/2-prnched. In |DDE1] of 1992, DelPAntonio, D'Onofrio 
and Ekeland proved the existence of at least one elliptic closed characteristic on £ provided £ G 
H(2n) satisfies £ = -£. In [Lon3] of 2000, Long proved that £ G TL{A) and # .7(£) = 2 imply that 
both of the closed characteristics must be elliptic. In [LoZlJ of 2002, Long and Zhu further proved 
when ^JiT,) < +oo, there exists at least one elliptic closed characteristic and there are at least 
[j] geometrically distinct closed characteristics on £ possessing irrational mean indices, which are 
then non-hyperbolic. In the recent paper [LoWlJ, Long and Wang proved that there exist at least 
two non-hyperbolic closed characteristic on £ G T~t(6) when ^^(E) < +oo. Motivated by these 
results, we prove the following results in this paper: 

Theorem 1.1. On every E G H(6) satisfying #i7(£) < +oo, there exist at least two geometri- 
cally distinct closed characteristics possessing irrational mean indices. 

Theorem 1.2. Suppose *i7(E) = 3 for some E G TL(6). Then there exist at least two elliptic 
closed characteristics in ^(S). 

The proofs of Theorems 1.1 and 1.2 are given in Section 3. Mainly ingredients in the proofs 
inculde: the mean index identity for closed characteristics established in [WHLJ recently, Morse 
inequality and the index iteration theory developed by Long and his coworkers, specially the com- 
mon index jump theorem of Long and Zhu (Theorem 4.3 of |LoZl], cf. Theorem 11.2.1 of |Lon4j ). 
In Section 2, we review briefly the equivariant Morse theory and the mean index identity for closed 
characteristics on compact convex hypersurfaces in R 2n developed in the recent [WHLJ. 

In this paper, let N, No, Z, Q, R, and R + denote the sets of natural integers, non-negative 
integers, integers, rational numbers, real numbers, and positive real numbers respectively. Denote 
by a ■ b and \a\ the standard inner product and norm in R 2n . Denote by (•, •) and || • || the standard 
_L 2 -inner product and L 2 -norm. For an 5 1 -space X, we denote by X s i the homotopy quotient of 
X module the S^-action, i.e., X s i = S°° x s i X. We define the functions 

[a] = maxjfc G Z I k < a}, E(a) = min{&; G Z I k > a}, 

(1.5) 

ip(a) = E(a) - [a], 

Specially, (p(a) = if a G Z , and ip(a) = 1 if a ^ Z . In this paper we use only Q-coemcients for all 
homological modules. For a Z m -space pair (^4, B), let H*(A, B) ±Zm = {a G H*{A, B) \ L^a = ±<r}, 
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where L is a generator of the Z m -action. 



2 Equivariant Morse theory for closed characteristics 

In the rest of this paper, we fix a £ G 7i{2n) and assume the following condition on £: 
(F) There exist only finitely many geometrically distinct closed characteristics 

{( T j>Vj)}i<j<k on S. 

In this section, we review briefly the equivariant Morse theory for closed characteristics on E 
developed in |WHL] which will be needed in Section 3 of this paper. All the details of proofs can 
be found in [WHL]. 

Let f = inf{rj| 1 < j < k}. Note that here Tj's are prime periods of y^s for 1 < j < k. Then 
by §2 of [WHL]. for any a > f , we can construct a function ip a G C°°(R, R + ) which has as its 
unique critical point in [0, +oo) such that (p a is strictly convex for t > 0. Moreover, is strictly 
decreasing for t > together with lim t ^ + ^t^~ = 1 an d Va(0) = = y?' a (0). More precisely, we 
define 9? a via Propositions 2.2 and 2.4 in [WHL]. The precise dependence of (p a on a is explained 
in Remark 2.3 of [WHLj . 

Define the Hamiltonian function H a (x) = a(p a (j(x)) and consider the fixed period problem 

(x(t) = JH' a (x(t)), 

{ 2.1) 

Then H a G C 3 (R 2 ™ \ {0},R) n C 1 (R 2n 3 R) is strictly convex. Solutions of (JSTTJ) are ac = and 
x = py{rt) with = ^, where (r, y) is a solution of (II. ip . In particular, nonzero solutions of 

(|2.ip are one to one correspondent to solutions of (jl.ip with period r < a. 

In the following, we use the Clarke-Ekeland dual action principle. As usual, let G a be the 
Fenchel transform of H a defined by G a {y) = sup{x • y - H a (x) \ x G R 2 "}. Then G a G C 2 (R 2 ™ \ 
{0},R) n C^R^.R) is strictly convex. Let 

LftS 1 , R 2n ) = |u G L 2 ([0, 1], R 2n ) J u(t)dt = o| . (2.2) 

Define a linear operator M : Lj^S* 1 , R 2n ) -> L^S^R 2 ") by JjMn(t) = ^ Mu(t)dt = 0. The 
dual action functional on Lq(S , R 2n ) is defined by 

* a («) = jT Q J« • Mm + G a (-Ju)\ dt. (2.3) 

Then the functional ^ a G C 1 ' 1 (Lg(5' 1 , R 2n ), R) is bounded from below and satisfies the Palais- 
Smale condition. Suppose x is a solution of (|2. 1 j) . Then it = x is a critical point of Conversely, 
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suppose u is a critical point of *S> a . Then there exists a unique £ E R such that Mm — £ is a 
solution of (|2.ip . In particular, solutions of (|2.1|) are in one to one correspondence with critical 
points of ^f a . Moreover, ^f a (u) < for every critical point u 7^ of ^f a . 

Suppose u is a nonzero critical point of ^f a . Then following [Eke3] the formal Hessian of *$> a at 
u is defined by 

Q a (v, v ) = [ (J V • Mv + G'a{-Ju)Jv ■ Jv)dt, 
Jo 

which defines an orthogonal splitting h\ = E- © Eq © E + of L^S 1 , R 2n ) into negative, zero and 
positive subspaces. The index of u is defined by i[u) = dim EL and the nullity of u is defined 
by v(u) = dimE'o- Let u = x be the critical point of *$> a such that x corresponds to the closed 
characteristic (r, y) on S. Then the index i(u) and the nullity v{u) defined above coincide with 
the Ekeland indices defined by I. Ekeland in [EkeT] and [Ekc3j. Specially 1 < v(u) < 2n — 1 always 
holds. 

We have a natural ^-action on L^S 1 , R 2n ) defined by 9 ■ u(t) = u(9 + t) for all 9 £ S 1 and 
t € R. Clearly fy a is S 1 -invariant. For any k S R, we denote by 

K = {ueLl{S\ R 2n ) I ^ a {u) < k}. (2.4) 

For a critical point u of *$> a , we denote by 

A a (u) = A*«M = {we L 2 (S\ R 2 ™) I * («j) < * (u)}. (2.5) 

Clearly, both sets are .^-invariant. Since the S^-action preserves if u is a critical point of 
then the whole orbit S 1 ■ u is formed by critical points of Denote by crit(^> a ) the set of critical 
points of *f/ a . Note that by the condition (F), the number of critical orbits of ^ a is finite. Hence 
as usual we can make the following definition. 

Definition 2.1. Suppose u is a nonzero critical point of ^ a and M is an S 1 -invariant open 
neighborhood of S 1 • u such that crit(^ a ) n (A a (u) PiN) = S 1 • u. Then the S 1 -critical modules of 
S 1 ■ u are defined by 

Csi,,(tf , S l -u) =H q ((A a (u)nM) s x, ((A a (u) \ S 1 ■ u)C\J\f) s i). 
We have the following proposition for critical modules. 

Proposition 2.2. (Proposition 3.2 of [WHLJ) The critical module C51 5 (^ a , S 1 • u) is inde- 
pendent of a in the sense that if Xi are solutions of \2. 1\) with Hamiltonian functions H ai (x) = 
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cii(p ai (j(x)) for i = 1 and 2 respectively such that both x\ and xi correspond to the same closed 
characteristic (r, y) on E. Then we have 

Now let it ^ be a critical point of ^f a with multiplicity mul(u) = m, i.e., it corresponds to 
a closed characteristic (mr,y) C E with (r, y) being prime. Hence u(t + — ) = u(t) holds for all 
t G R and the orbit of u, namely, S 1 ■ u = S 1 /Z m S 1 . Let / : N^S 1 ■ u) -> S 1 • it be the 
normal bundle of S 1 • it in L^S" 1 , R 2n ) and let f~ 1 (9 • it) = N(8 • it) be the fibre over 9 ■ u, where 
9 £ S . Let DN(S 1 ■ it) be the £>-disk bundle of N(S 1 • u) for some g > sufficiently small, i.e., 
DNiS 1 NiS 1 • u) | ||f || < g} and let DN(9 • u) = /^(fl • u) n DA^S 1 • u) be the disk 

over 9 • it. Clearly, DN(9 ■ it) is Z m -invariant and we have .DA^S 1 • it) = DN(u) x Zm 5 1 , where the 
Z m -action is given by 

(9, v, t)£Z m x DN(u) x S 1 >-> (9 ■ v, 9~ l t) e DJV(u) x S 1 . 

Hence for an ^-invariant subset V of DN(S l ■ u), we have F/S 1 = (F u xz m S 1 )/S 1 = F u /Z m , 
where F u = F D DN(u). Since is not C 2 on Lq(S , R 2n ), we need to use a finite dimensional 
approximation introduced by Ekeland in order to apply Morse theory. More precisely, we can 
construct a finite dimensional submanifold F(i) of Lq(S , R 2n ) which admits a Z t -action with rn\i. 
Moreover \t a and x fa|r(i) have the same critical points, ^alrw is C 2 i n a small tubular neighborhood 
of the critical orbit S 1 • it and the Morse index and nullity of its critical points coincide with those 
of the corresponding critical points of Vl/ a . Let 

D.NiS 1 -u) = DNiS 1 -u)nF(i), D L N(9 • it) = DN(9 • u) n F(l). (2.6) 

Then we have 

C s i )Sk (* , S 1 ■ u) H*(A a (u) n D L N(u), (A a (u) \ {u}) n D L N(u)) z ™. (2.7) 

Now we can apply the results of Gromoll and Meyer in [GrMlj to the manifold D pi N(u p ) with it p 
as its unique critical point, where p£N, Then mul(u p ) = pm is the multiplicity of it p and the 
isotropy group Z pm C S 1 of u p acts on D pL N(u p ) by isometries. According to Lemma 1 of [GrMlj. 
we have a Z pm -invariant decomposition of T u v{D pi N(u p )) 

T uP {D pL N{u p )) = V + V- V° = {(x+,x_, x )} 
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with diml/ = i(u p ), dimV = v(u p ) — 1 and a Z pm -invariant neighborhood B = B + x B- x Bq 
for in T uP {D pi N{u p )) together with two Z pm -invariant diffeomorphisms 

$ : B = B + x 5_ x B -> $(B + x B_ x B ) C D pi N{u p ) 

and 

T) : S - VF(nP) = 77(50) C D pt iV(u p ) 
such that $(0) = r/(0) = u p and 

* o$(a? +) :r_,so) = |x+| 2 - \x-\ 2 + t> a orj(x ), (2.8) 

with d(\l/ a o rj) (0) = d 2 (^ a 7 ?)(0) = 0. As [GrMl], we call W{u p ) a local characteristic manifold 
and U(u p ) = B_ a local negative disk at u p . By the proof of Lemma 1 of [GrMlj . W(u p ) and U(u p ) 
are Z pm -invariant. Then we have 

H*(A a (u p ) n D pL N(u p ), (A a (u p ) \ {u p }) n D pL N(u p )) 

= H*(U(u p ), U(u p )\{u p })®H*(W(u p )nA a (u p ), {W{u p ) \ {u p }) n A (« p )), (2.9) 

where 

(Q, ifg = *(uP), 

ff g (c/K), f/K) \ K}) = (2.10) 

[ 0, otherwise. 

Now we have the following proposition. 

Proposition 2.3. (Proposition 3.10 of [WHL]) Let u 7^ be a critical point of ^f a with 
mul(u) = 1. Then for all p EN and q G Z, we /iat> e 

C sl , 9 (* ai S 1 • ^ H q _ i{uP) (W{u p ) n Aa(«f ), (W(u p ) \ {u p }) n A K))J , (2.11) 

w/iere /3(u p ) = (-l^KHM. 77ms 

C 5 i 5 ff (* aj S 1 ■ u p ) = 0, for q < i(u p ) or q > i(u p ) + i/(n p ) - 1. (2.12) 

In particular, if u p is non-degenerate, i.e., v{u p ) = 1, then 

f Q, if q = i(u p ) and (3{u p ) = 1, 
Cfci,,^., 5 1 -uP) = | (2.13) 
[ 0, otherwise. 

We make the following definition 

Definition 2.4. Let u 7^ be a critical point of ^> a with mul(u) = 1. Then for allpeN and 
I £ Z, let 

k,±i(u p ) = dim(H l (W(u p )nA a (u p ),(W(u p )\{u p })nA a (u p ))\ , 
h{u p ) = dim ( Hi(W(u p ) n A a (u p ), (VF(u p ) \ {u p }) n A a (u p )) ' 



ki(u p )'s are called critical type numbers of u p . 

We have the following properties for critical type numbers 

Proposition 2.5. (Proposition 3.13 of [WHL]) Let u 7^ be a critical point of ^f a with 
mul(u) = 1. Then there exists a minimal K(u) £ N such that 

v{u p+K{u) ) = u(u p ), i{u p+K{u) ) - i(u p ) e 2Z, 

and ki(u p+K ^) = ki(u p ) for all p G N and I £ Z. We call K(u) the minimal period of critical 
modules of iterations of the functional ^ a at u. 

For a closed characteristic (t, y) on E, we denote by y m = (mr, y) the m-th iteration of y for 
m S N. Let a > r and choose (p a as above. Determine p uniquely by = 1 L e t, x = py{rt) 
and u = x. Then we define the index i(y m ) and nullity v{y m ) of (mr, y) for m E N by 

i(y m )=i(u m ), v{y m ) = v{u m ). 

These indices are independent of a when a tends to infinity. Now the mean index of (r, y) is defined 
by 

i(y) = lim 



m — >oo yyi 

Note that i(y) > 2 always holds which was proved by Ekeland and Hofer in [EkHlj of 1987 (cf. 
Corollary 8.3.2 and Lemma 15.3.2 of |Lon4| for a different proof). 

By Proposition 2.2, we can define the critical type numbers ki{y m ) of y m to be ki{u m ), where 
u m is the critical point of ^ a corresponding to y m . We also define K(y) = K(u). Then we have 

Proposition 2.6. We have k[(y m ) = for I ^ [0, v{y m ) — 1] and it can take only values or 1 
when 1 = or I = v{y m ) — 1. Moreover, the following properties hold (cf. Lemma 3.10 of IBaLl^ . 
\ChaTj and \MaWtj ): 

(i) k (y m ) = 1 implies h{y m ) = for 1 < I < v{y m ) - 1. 

(ii) fc i/(2/ m)_ 1 (y m ) = 1 implies h(y m ) = for < I < v{y m ) - 2. 

(Hi) ki(y m ) > 1 for some 1 < I < v(y m ) — 2 implies ko(y m ) = k v i y m^i{y m ) = 0. 

(iv) If v{y m ) < 3, then at most one of the ki(y m ) 's for < I < v(y m ) — 1 can be non-zero. 

(v) Ifi{y m ) - i(y) G 2Z + 1 for some m E N, then k (y m ) = 0. 
Proof. By Definition 2.4 we have 

k(y m ) < dimtf^K") n A a (u m ), (W(u m ) \ {u m }) D K{u m )) = Vi(y m )- 

Then from Corollary 1.5.1 of |Chal] or Corollary 8.4 of [MaWl] . (i)-(iv) hold. 
For (v), if i]o(y m ) = 0, then (v) follows directly from Definition 2.4. 
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By Corollary 8.4 of [MaWl], r]o(y m ) = 1 if and only if u m is a local minimum in the local 
characteristic manifold W(u m ). Hence {W{u m ) n A a (u m ), (W(u m ) \ {u m }) n A a (u m )) = ({u m }, 0). 
By Definition 2.4, we have: 

k 0t+1 (u m ) = dimH (W(u m )nA a (u m ), (W(u m )\{u m })nA a (u m )) +z ™ 
= dim# ({u m }) +Zm 
= 1. 

This implies k (u m ) = k -i(u m ) = 0. | 
For a closed characteristic (r, y) on S, we define as in [WHLJ 

x^ = Wu) £ (-i) %m)+ ^/(y m ). (2.14) 

0<;<2n-2 

In particular, if all y m, s are non-degenerate, then by Proposition 2.3 we have 

f (-1)^), if i(y 2 ) - G 2Z, 

XU/) = < , lY (v) , . ( 2 - 15 ) 

[ i — § — , otherwise. 

We have the following mean index identity for closed characteristics. 

Theorem 2.7. (Theorem 1.2 of [WHL]) Suppose S G H(2rt) satisfies *J{T.) < +oo. Denote 
a// i/ie geometrically distinct closed characteristics by {(Tj,yj)}i<j<k- Then the following identity 
holds 

y- X(j/j) = 1 
l<j<fc »(%') 2 

Let be the functional defined by (|2,3p for some a G R large enough and let e > be small 
enough such that [—£, +oo)\{0} contains no critical values of Denote by I a the greatest integer 
in No such that I a < i(r, y) hold for all closed characteristics (r, y) on S with r > a. Then by 
Section 5 of [WHL], we have 

H sl> 9 (A- £ ) - H sli ,(A~) = H q (CP°°), Vq < I a . (2.16) 

For any q G Z, let 

M,(A- £ )= ^ dimC 5lig (* a , 5 1 -u7 J )- (2-17) 

l<J<fc, l<mj <a/Tj 

Then the equivariant Morse inequalities for the space A~ e yield 

M q (A- £ ) > b q (A~% (2.18) 

M ? (A- £ ) - M (? _ 1 (A» £ ) + ... + (-l)'?Mo(A- £ ) 

> 6 g (A- £ )-6^i(A- £ ) + --- + (-l)^ (A- £ ), (2.19) 



where b q (A~ £ ) = dim #51 q (A~ £ ). Now we have the following Morse inequalities for closed charac- 
teristics 

Theorem 2.8. Let £ G Ti(2n) satisfy *J7(S) < +00. Denote all the geometrically distinct 
closed characteristics by {(Tj, yj)}i<j<k- Let 

M q = lim MJA~ £ ), Vq G Z, (2.20) 

a— >+oo 

fl, ifgG2N , 

6, = lim 6,(A~ e )= i (2.21) 

^ q ; otherwise. 

TTien we have 

M q > b q , (2.22) 
M q -M q -! + ••• + (- l) q M > b q - Vi + - + H)\ V?GZ. (2.23) 

Proof. As we have mentioned before, i(yj) > 2 holds for 1 < j < k. Hence the Ekeland index 
satisfies iiyj 1 ) = i^u™) —* 00 as m —* 00 for 1 < j < fc. Note that I a — > +00 as a — > +00. Now fix 
a g G Z and a sufficiently great a > 0. By Propositions 2.2, 2.3 and (I2.17|) . Mj(A~ £ ) is invariant 
for all a > A q and < i < q, where A q > is some constant. Hence (|2.20p is meaningful. Now for 
any a such that I a > q, (f2TT6]) - (pJ9l) imply that ([2T2T]> - ([2T23|> hold. | 

3 Proofs of the main theorems 

In this section, we give proofs of Theorems 1.1 and 1.2 by using the mean index identity of |WHLj . 
Morse inequality and the index iteration theory developed by Long and his coworkers. 
As Definition 1.1 of [LoZlj . we define 

Definition 3.1. For a G (1, 2), we define a map g n : H(2n) -»NU {+00} 

f +00, if # V(£ , a) = +00, 

Qn(E) = { . Crir x U+2S+(x)-v(x,l)+ni i / \ ^ m \\ -r #wv w 1 

Iminjl- 1 ^ y — — j| (r, 2) G Voo(S, a)j , if ff V(S, a) < +00, 

where V(£,a) and Voo(S,a) are variationally visible and infinite variationally visible sets respec- 
tively given by Definition 1.4 of [LoZl] (cf. Definition 15.3.3 of [Lon4j ) . 

Theorem 3.2. (cf. Theorem 15.1.1 of |Lon4j ) Suppose (r,y) G T/ien we /iave 

i(y m ) = i(mr,y) = i(y,m) — n, v(y m ) = v(mT,y) = u(y,m), Vm G N, (3.2) 

where i(y,m) and u(y,m) are the Maslov-type index and nullity of (mr, y) defined by Conley, 
Zehnder and Long (cf. §5.^ 0/ \Lonl$ ). 
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Recall that for a principal [/(l)-bundle E — > -B, the Fadell-Rabinowitz index (cf. [Fa Rlj ) of E 
is defined to be sup{/c | c\{E) h ~ 1 7^ 0}, where c\(E) E H 2 (B,Q) is the first rational Chern class. 
For a £/(l)-space, i.e., a topological space X with a J7(l)-action, the Fadell-Rabinowitz index is 
defined to be the index of the bundle X x S°° — ► X x c/(i) "S^; where S 00 — > CP 00 is the universal 
[/(l)-bundle. 

As in P. 199 of |Eke3| . choose some a £ (1, 2) and associate with 17 a convex function iif such 
that H(Xx) = X a H(x) for A > 0. Consider the fixed period problem 

(x(t) = JH'(x(t)), 
\ x(l) =x(0). 

Define 

Lf T (S\-R 2n ) = {ue L^(S\-R 2n )\ I udt = 0}. (3.4) 

Jo 

The corresponding Clarke-Ekeland dual action functional is defined by 

= jf Q^u- Mu+ H*(-Jv)jdt, VwGL ^ I (S 1 ,R 2n ), (3.5) 

where Mti is defined by ^Mu{t) = u(t) and Jq 1 Mu(t)dt = 0, £f* is the Fenchel transform of iif 
defined in §2. 

For any k G R, we denote by 

r={ueif T (S 1 ,R 2n )|^)< K }. (3.6) 

Then as in P. 2 18 of [Eke3], we define 

d = mf{5 E R I J($*~) > i}, (3.7) 

where I is the Fadell-Rabinowitz index given above. Then by Proposition 3 in P.218 of [Ekc3j, wc 
have 

Proposition 3.3. Every Cj is a critical value of <£. If c, = Cj /or some i < j, then there are 
infinitely many geometrically distinct closed characteristics on S. 
As in Definition 2.1, we define the following 

Definition 3.4. Suppose u is a nonzero critical point of <3?, and J\f is an S 1 -invariant open 
neighborhood of S 1 • u such that crit{<&) D (A(u) Pi M) = S 1 • u. Then the S 1 -critical modules of 
S 1 ■ u is defined by 

C sl)9 ($, S 1 -u)=H q ((A(u)nM) sl , ((A(u)\S 1 -u)nM) s ,), (3.8) 
where A(u) = {w G L^ T (5 1 ,R 2n ) | < *(«)}. 
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Comparing with Theorem 4 in P.219 of [EkeSj, we have the following 

a 

Proposition 3.5. For every i£N, there exists a point u E Lq _1 [S , R 2n ) such that 

*'(«) = 0, = a, (3.9) 

Csi,a(i-i)(*, ^-u^O. (3.10) 

Proof. By Lemma 8 in P.206 of [Eke3] . we can use Theorem 1.4.2 of |Chal| in the equivariant 
form to obtain 

flsvC**-* = Cgi^S 1 -*), (3.11) 

for e small enough such that the interval (cj — e, q + e) contains no critical values of $ except Cj. 
Similar to P.431 of [EkHlj . we have 

H^-^d^+^si, ($ Cl - e ) s i)^F 2 ( i - 1 )((^ +e ) 5 i)^ J ff 2 ^ 1 )(($ Cl - e ) 5 i), (3.12) 

where p and are natural inclusions. Denote by / : (<3? c ' +e )si — > CP°° a classifying map and let 
f ± = /l(<j. c i± £ ) sl • Then clearly each f ± : (& Ci±e ) s i — ► CP 00 is a classifying map on ($ Ci±e ) s i. Let 
r\ E H 2 (CP°°) be the first universal Chern class. 

By definition of q, we have I(<fr Ci ~ e ) < i, hence (/~)*(??* _1 ) = 0. Note that p*{f + )*{rf~ 1 ) = 
(f-)*(rf- 1 ). Hence the exactness of (l3~T2l) yields a cr E H 2 ^ (($ Cl+e ) 5 i , ($ Cl " e ) 5 i) such that 
q*(a) = (/ + )*(r? i_1 ). Since /($ Cl+e ) > i, we have (/ + )*(r/ i_1 ) ^ 0. Hence cr 7^ 0, and then 

if^ 1 ) $*-e) = ff2(*-l)(($Ci+e) slj ($ Cl ~ e ) 5 i) ^ 0. 

Now the proposition follows from (|3.1ip and the universal coefficient theorem. | 
Proposition 3.6. Suppose u is the critical point of <3? found in Proposition 3.5. Then we have 

Csi,2(i-i)(*a, S 1 -u a )^0, (3.13) 

where ^> a is given by \2. 3\) and u a E Lq(S 1 , R 2n ) is its critical point corresponding to u in the 
natural sense. 

Proof. Fix this u, we modify the function H only in a small neighborhood Vl of as in [Ekel] 
so that the corresponding orbit of u does not enter Q and the resulted function H satisfies similar 
properties as Definition 1 in P. 26 of [Ekelj by just replacing | there by a. Define the dual action 
functional $ : L^ T (5 1 , R 2n ) -> R by 

$( v ) = J (lj v . Mv + H*{-Jv)\ dt, (3.14) 
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since clearly <f> and $ are C 1 close to each other. Then by the continuity of critical modules (cf. 
Theorem 8.8 of [MaWlJ or Theorem 1.5.6 in P.53 of [ChalJ, which can be easily generalized to the 
equivariant sense) for the u in the proposition, we have 

C 5 i,*(*i S' 1 - U )^C 5 i ) ,($ J S l -u). (3.15) 

Using a finite dimensional approximation as in Lemma 3.9 of [Ekel| . we have 

C sl) *($, S 1 -u)^H,(A(u)nD l N(u), (A(n)\H)nA%)) Zra , (3.16) 

where A(u) = {w £ L^ 1 (S 1 , R 2n ) | $(«;) < and A^V(u) is a Z m -invariant finite dimensional 

disk transversal to S 1 ■ u at u (cf. Lemma 3.9 of [WHL] ) . m is the multiplicity of u. 
By Lemma 3.9 of [WHLj . we have 

C s i t S 1 • « a ) ff*(A a (u a ) n AiVM, (AaK) \ {««}) n D L N(u a )) Zm . (3.17) 

By the construction of H a in [WHL| . H a = H in a L°°-neighborhood of S* 1 • n. We remark 
here that multiplying H by a constant will not affect the corresponding critical modules, i.e., the 
corresponding critical orbits have isomorphic critical modules. Hence we can assume H a = H in 
a L°°-neighborhood of S 1 • u and then the above conclusion. Hence ^ a and coincide in a L°°- 
neighborhood of S^-u. Note also by Lemma 3.9 of [Ekelj . the two finite dimensional approximations 
are actually the same. Hence we have 

fl*(A(u) n D L N(u), (A(n) \ {u}) n D L N(u)) Zm 

* H*(A a (u a ) n D L N(u a ), (A a (u a ) \ {«„}) n D b N(u a )) 7,m . (3.18) 

Now the proposition follows from Proposition 3.5 and (|3.16p - (|3.18p . | 

Now we can give: 

Proof of Theorem 1.1. By the assumption (F) at the beginning of Section 2, we denote 
by {(Tj, 2/j)}i<j<fc all the geometrically distinct closed characteristics on S, and by 7j = 7^ the 
associated symplectic path of (r^, j/j) on S for 1 < j < k. Then by Lemma 15.2.4 of [Lon4| . there 
exist Pj G Sp(6) and Mj G Sp(4) such that 

Tffo) = ^(^iCl, l^M^P,-, V 1 < i < k, (3.19) 
/l 6\ 

where recall AMI, b) = for 6 G R. 

Vo 1; 

Without loss of generality, by Theorem 1.3 of [LoZlj (cf. Theorem 15.5.2 of [Lon4| ) . we may 
assume that (ri,yi) has irrational mean index. Hence by Theorem 8.3.1 and Corollary 8.3.2 of 
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[Lon4j . Mi G Sp(4) in (pTlUj) can be connected to R(9 1 )oQ 1 within 0°(Mi) for some ^ ^ Q and 

/ cos 9 — sin 9 \ 

Ql G Sp(2), where i?(#) = for # G R. Here we use notations from Definition 

\ sin 9 cos 9 J 

1.8.5 and Theorem 1.8.10 of [Lon4| . By Theorem 2.7, the following identity holds 

JM+ V 1^ = -. (3.20) 
*(t/i) 2<j<fc 2 

Now we have the following four cases according to the classification of basic norm forms (cf. Defi- 
nition 1.8.9 of |Lon4] ). 

Case 1. Qi = R(9 2 ) with & £ Q or Qi = D(±2) 

In this case, by Theorems 8.1.6 and 8.1.7 of [Lon4] . we have ^(yf 1 ) = 1, i.e., yj™ is non-degenerate 
for all m G N. Hence it follows from (|2.15p that x(y±) ^ 0. Now (|3.20p implies that at least one of 
the yj's for 2 < j < k must have irrational mean index. Hence the theorem holds. 

Case 2. Q 1 = Nx(l,b) with b = ±1, 0. 

We have two subcases according to the value of x(yi). 

Subcase 2.1. x(vi) 0. 

In this case, (I3.20P implies that at least one of the y^s for 2 < j < k must have irrational mean 
index. Hence the theorem holds. 
Subcase 2.2. x(vi) = 0. 

Note that by Theorems 8.1.4 and 8.1.7 of [Lon4j and our above Proposition 2.5, we have K{yi) = 
1. Since y{y\) < 3, it follows from Proposition 2.6 and (|2. 14p : 

= X(yi) = (-lY (yi) (k ( yi ) - kxiyx) + k 2 ( yi )). (3.21) 

By (iv) of Proposition 2.6, at most one of fc/(yi) for / = 0, 1, 2 can be nonzero. Then (|3.2ip yields 
ki(yi) = for / = 0, 1, 2. Hence it follows from Proposition 2.3 and Definition 2.4 that 

C s i >q {* a , S 1 -u p 1 )=0, VpGN, qeZ, (3.22) 

where we denote by u\ the critical point of *$> a corresponding to (tj, y\). In other words, is 
homologically invisible for all m G N. 

By Propositions 3.5 and 3.6, we can replace the term infinite variationally visible in Definition 
1.4 of [LoZlj (cf. Definition 15.3.3 of [Lon4] ) by homologically visible, and it is easy to check that all 
the results in [LoZlj remain true under this change. Hence by Theorem 1.3 of |LoZlj (cf. Theorem 
15.5.2 of |Lon4| ) . at least one of the y^s for 2 < j < k must have irrational mean index, i.e., we can 
forget y\ and consider only y^s for 2 < j < k, then apply that theorem. This proves our theorem. 
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Case 3. Qi = iVi(-l, 1). 

In this case, by Theorems 8.1.4, 8.1.5 and 8.1.7 of |Lon4j . we have 

I 7710 \ 1 + ( l) m 

i( yi , m) = mi(yx, l) + 2E[—±\ -2, u( yi ,m) = l + Y~^' Vm G N, 

with z(yi,l) G 2Z + 1. Hence K(yi) = 2 by Proposition 2.5. Because y\ is non-degenerate, we 
have h(yi) = 5 l for all I G Z by (j2TTT]) . ([2331 and Definition 2.4. By Theorem 3.2, we have 
i(yi) = i(vi, 1) - 3 € 2Z and %?) - i(yi) = i{y x ,2) - i( Vl , 1) G 2Z + 1. Hence A; (yf ) = by (v) of 
Proposition 2.6. Because ^(yf) = 2, we have ki(yf) = for Z > 2. Then (|2.14p implies 

v i + fci(yi) ^ n 

X(l/i) = g ^ 

Now (|3.20p implies that at least one of the y^s for 2 < j < k must have irrational mean index. 
Hence the theorem holds. 

Case 4. Q x = iV~i(-l, 6) tctife 6 = 0, -1 or Q x = R{0 2 ) with f| = % G Q n (0, 1) toitfi AT > 1 
and (L, TV) = 1. 

Note first that if Q x = Ni(-1, b) with 6 = 0, -1, then Theorems 8.1.5 and 8.1.7 of |Lon4j 
imply that their index iteration formulae coincide with that of a rotational matrix R{0) with = ir. 
Hence in the following we shall only consider the case Qi = R(0 2 ) with 2 ju G (0, 2) n Q. The 
same argument also shows that the theorem is true for Qi = A r i(— 1, — 1). 

By Theorems 8.1.4 and 8.1.7 of [Lon4| . we have 

i(y u m) = m (i( m} l)-l) + 2E\^)+2E\—±)-a, (3.23) 
v{yi,m) = (3.24) 

with i(yx, 1) G 2Z + 1 and all m G N. By Proposition 2.5, we have K(y\) = N. Note that because 
yf is non-degenerate for 1 < m < N - 1, h(yf ) = 5 l holds for 1 < m < N - 1 by (l2~TT1l . (p7T3j) 
and Definition 2.4. By Theorem 3.2, we have i(yi) = i(yi, 1) — 3 G 2Z. Then (|2.14)) implies 

x(yi) = ^ • (3-25) 

This follows from ^(yf 1 ) < 3 for all m G N. 

We have two subcases according to the value of x{ui)- 
Subcase 4.1. x(ui) / 0- 

In this subcase, (|3.20p implies that at least one of the y^s for 2 < j < k must have irrational 
mean index. Hence the theorem holds. 
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Subcase 4.2. x(yi) = 0. 

In this subcase, it follows from f)3.25j) and (iv) of Proposition 2.6 that 

fe 1 (yf)=JV-l>0. (3.26) 

Using the common index jump theorem (Theorems 4.3 and 4.4 of |LoZl| . Theorems 11.2.1 and 

11.2.2 of [Long] ), we obtain some (T, mi, . . . , m k ) 6 N fc+1 such that ^ e z (cf. (11.2.18) of 
P2m4j) and the following hold by (11.2.6), (11.2.7) and (11.2.26) of [Lon4] : 

%,2m,-) > 2T-^M, (3.27) 



,(!),. 2m,) + v{ Vj , -In,,) < 2T+ ^llMl _ ( 3 . 28 ) 
i(yj, 2m,- + 1) = 2T + i(yj, 1). (3.29) 
2m,- - 1) + 2m, - 1) = 2T - (%,-, 1) + 2<S+ (r . ) (l) - 1)). (3.30) 

By P. 340 of [Loni] . we have 

2^. (r ,)(i)-K^i) 

= 2S+ (1)1) (1) - ^(JV!(1, 1)) + 25+ .(1) - v\{Mj) 
= l + 2S+.(l)-u 1 (M j ) 

> -1, l<j<k. (3.31) 

In the last inequality, we have used the fact that the worst case for 2S' + ^.(1) — ui(Mj) happens 
when Mj = Ni(l, — 1)° 2 which gives the lower bound —2. 

By Corollary 15.1.4 of [Lon4], we have i(yj, 1) > 3 for 1 < j < k. Note that e(7,-(r,)) < 6 for 
1 < j < k. Hence Theorem 10.2.4 of |Lon4j yields 

i(y j ,m) + u(y j ,m) < i(y,,m + 1) - 1) H ^ 1 

< i(yj,m+ 1)-1. Vm £ N, 1 < j < k. (3.32) 

Specially, we have 

i(y,-, m) < i(y,-, m + 1), Vm G N, 1 < j < k. 
Now (^271) - (^30l) become 

i(yj,2mj) > 2T - 3, (3.33) 

2m,) + 2m,) - 1 < 2T + 1, (3.34) 

i(y,-, 2m,- + m) > 2T + 3, V m > 1, (3.35) 

i(y,-, 2m,- — m) + z^(y,-, 2m,- — m) — 1 < 2T — 3, V m > 1, (3.36) 
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where 1 < j < k. By Proposition 2.3, we have 

Css,(*., S 1 = 2m 2m Q^- 1 , (3.37) 

Note that by Theorem 3.2 

i( y f) = i(y jt m) - 3, Vm G N, 1 < j < k. (3.38) 

Hence (|3.23p implies that i(yY l ) is even for all m G N. This together with (|3.35p - (|3.38p and 
Proposition 2.3 yield 

C S \ 2T- 2 (^a, S 1 • u?) = 0, Vm G N, (3.39) 

C S i t 2T- 4 (^a, S 1 • uf) = 0, Vm G N, (3.40) 

C S \ 2 r- 2 (^a, • uf) = 0, Vm ^ 2m i , 2 < j < k. (3.41) 

Cs\ 2T_ 4 (*«, S 1 • O = 0, Vm ^ 2m„ 2 < j < k. (3.42) 

In fact, by ([335]) . (|3T36l) and (1338]) for 1 < j < k, we have i(uf) = i(yf) > 2T for all m > 2mj 
and i(uf) + - 1 = i(y™) + i/(y?*) - 1 < 2T - 6 for all m < 2m j. Thus ([3T4T1) - (l3n2l hold and 

(13391) - flH^Oj) hold for m ^ 2mi by Proposition 2.3. Since i(yf mi ) is even, by (13371) . (13T39|) - (l330D 
also hold for m = 2m i. 

Thus by Propositions 3.5 and 3.6 we can find p,q G {2, . . . , k} such that 

= 0, *(«^) = C T _!, C S 1, 2T - 4 (^a, S 1 • V*"*) ± 0, (3.43) 

= 0, = c T , 2T _ 2 (* a , S 1 • / 0, (3.44) 

where we denote also by u p p and n g q the corresponding critical points of <!> and which will not 
be confused. 

Note that by assumption (F) and Proposition 3.3, we have ct-i < or- Hence p ^ q by (|3.43[) 
and (|3.44p . Then the proof of Lemma 3.1 in [LoZl](cf. lemma 15.3.5 of |Lon4j ) yields 

i(y p ,2m p ) < i(y q ,2m q ). (3.45) 

Now if both i(y p ) G Q and i(y q ) G Q hold, then the proof of Theorem 5.3 in [Lo2l](cf. Theorem 
15.5.2 of [Lon4] ) yields 

i(y p ,2m p ) = i(y qi 2m q ). 

Note that we may choose T firstly such that ^ G N hold for all i(yj) G Q then use the proof 
of Theorem 5.3 in [LoZl ], Here M is the least integer in N that satisfies G Z, whenever 
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e^~^- e G c(lj(Tj)) and f G Q for some 1 < j < k. Hence either i(y p ) ^ Q or i(y q ) ^ Q holds. This 
together with i{y\) ^ Q and p, q ^ 1 proves the theorem. | 
Proof of Theorem 1.2. We denote by {(t^, Vj)}i<j<3 the three geometrically distinct closed 
characteristics on E, and by jj = j y . the associated symplectic path of (tj, yj) on E for 1 < j ' < 3. 
Then as in the proof of Theorem 1.1, there exist Pj £ Sp(6) and Mj £ Sp(4) such that 

7j(rj) = ^(^(l, l)oM,)P„ V 1 < j < 3. (3.46) 

As in P.356 of [LoZT] . if there is no (r,-,^) with Mj = iV"i(l, -1)° 2 and i(yj, 1) = 3 in Voc(S,a), 
then ^n(E) = 3. Hence we can use Theorem 1.4 of [LoZl] (Theorem 15.5.2 of [Lon4| ) to obtain the 
existence of at least two elliptic closed characteristics. This proves the theorem. 

It remains to show that if there exists a (Tj,yj) with Mj = N\(l, — 1)° 2 and i(yj,l) = 3 in 
Voo(E,a), we have at least two elliptic closed characteristics. We may assume Mi = Ni(l, — 1)° 2 
and i(yi, 1) = 3 without loss of generality. Note that (ri,yi) has rational mean index by Theorem 
8.3.1 of [Lon4] and Theorem 3.2. 



By Theorem 1.3 of |LoZlj . we may assume that (t2,2/2) has irrational mean index. Hence by 

Theorem 8.3.1 and Corollary 8.3.2 of [Loni] . M 2 G Sp(4) in <^M\i can be connected to R(9 2 )oQ 2 

( cos 6 — sin 8 \ 

within n°(M 2 ) for some ^ G R \ Q and Q 2 € Sp(2), where R(6) = ) for 8 £ R. 

\sin# cos 8 j 

Here we use notations from Definition 1.8.5 and Theorem 1.8.10 of |Lon4j . By Theorem 2.7, the 
following identity holds 

x(yi) + X(V2) + x(V3) _ l ^ 3 47 ^ 

i(Vi) i(V2) i(ys) 2 
Now if Q 2 is not hyperbolic, then both (ri,yi) and (r 2 ,y 2 ) are elliptic, so the theorem holds. 

Hence it remains to consider the case that Q 2 is hyperbolic. Clearly (r 2 ,y 2 ) is non-degenerate, 
then it follows from (|2.15|) that x{V2) 7^ 0- Hence (|3.47p implies that i(ys) £ R\Q. Now by 
Theorem 8.3.1 and Corollary 8.3.2 of [Loni] . M 3 £ Sp(4) in (13^61) can be connected to R(8 3 )oQ 3 
within 0°(M 3 ) for some ^ G R \ Q and Q 3 £ Sp(2). By the same reason as above, it suffices to 
consider the case that Q 3 is hyperbolic. 

Combining all the above, the only case we need to kick off is that 

M 1 = N 1 (l,-lf 2 , i(yi,l) = 3, M 2 = R(6 2 )oQ 2l M 3 = R(8 3 )oQ 3l (3.48) 

where both Q 2 and Q 3 are hyperbolic. Hence by Theorem 8.3.1 of [Lon4| and Theorem 3.2, we 
have 



i{ y f) = m(i(yi,l) + l)-4 = 4m-4, v(yf) =3, Vm £ N, (3.49) 
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i(yf ) = m(i( yj ) + 3) + 2E — ^ - 5, i/(yf ) = 1, Vm G N, j = 2, 3. (3.50) 



By Proposition 2.5, we have K{y\) = 1. Note that i(yi) = i(yi, 1) — 3 = by Theorem 3.2. Hence 
Proposition 2.6, (f2T4"|) and (pTL5|) imply 



x(yi) < i, x(yi)ez, (3.51) 
r -1, if %) g 2N + 1, 

=1 x O^T J = 1 ' 2 - (3 - 52) 

1 i if G 2N , 

By (I3T491) and fl330j) , we have 

= 4, (3.53) 

»(%•) = %) + 3 + -^>3, j = 2,3. (3.54) 

By (I3.51|) - (l3.54p . in order to make f|3.4T|> hold, we must have 

x(yi) = 1, (3-55) 
i{y 3 ) G 2N , j = 2,3. (3.56) 

In fact, by (|3.52|) and (|3.54[) . we have 



xto) xivs) < i + i < i 



*(j/2) 6 6 2 

z(y 2 ) G 2N + 1 or i(y 3 ) G 2N + 1 holds, then by (f332j) . we have 



Thus to make (|3.47p hold, we must have ^ > 0- Hence (|3.55p follows from (|3.5ip . Now if 



x(yi) x(j/g) + x(j/3) 1,11 

*(y2) »(i/3) 4 6 2 ' 

Hence (|3.56j) must hold. 

By dSZlI), dSaSD and flEE}, we have 1 = x{yi) = k {yi) - h( yi ) + k 2 {y x ). Since u{ Vl ) = 3, by 
Proposition 2.6, only one of fco(yi), ^i(yi), ^2(2/1) can be nonzero. Hence we obtain 

fci(yi) = 0, fc (yi) + fc 2 ( yi ) = l, (3.57) 

By Proposition 2.3, we have 

CV, ,(*„, S 1 • u?) = 0, Vp G N, q G 2Z + 1, 1 < j < 3. (3.58) 

In fact, by (l3^9|) . we have %f ) G 2N for all m G N. Thus (|338l) holds for j = 1 by (|24T|) . (1337) 
and Definition 2.4. By ([330]) and (j3"36]) . for j = 2, 3, we have i{yf) G 2N when m G 2N + 1 and 
KvJ 1 ) ^ 2 No + 1 when m G 2N. In particular, all yj 1 are non-degenerate for m G N and j = 2, 3. 
Thus (13381) holds for j = 2, 3 by (I2TT3D . 
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Note that (|3.58p implies 

M q = 0, Mq G 2Z + 1. 
Together with the Morse inequality Theorem 2.8, it yields 

-M 2k M 2 -M > -b 2k b 2 - bo. 

Thus together with the Morse inequality again, it yields 

b 2k + ■ ■ ■ + b 2 + b > M 2k + • • • + M 2 + M > b 2k + ■ ■ ■ + b 2 + b , 

for all k > 0. Therefore we obtain 

M q = b q , Vq G Z. 

By (|3.57|) . we have two cases according to the values of ki(y \)s. 
Case 1. fco(?/i) = 1 and k 2 (y\) = 0. 

In this case, by Propositions 2.3, 2.5 and Definition 2.4, we have 

dimC slj 9 (* a , S 1 • O = 5| m _ 4 , VmeN,g£Z. 

Then by (|3"HUj) and (I23TD . we must have 

C S i, im-i(*a, S 1 ■ u?) = 0, Vp, m G N, j = 2, 3. 

By pJQD and ([Ml]) again, M 2 = b 2 = 1 implies 

C^C sl , 2 (* a , S 1 -u p j ) = Q, 

for some p G N and j = 2 or 3. If p > 2, by (|3.50p . we have 

i(y?)>3p + 2E - 5>3. 

Thus C = by Proposition 2.3. Hence p = 1. Without loss of generality, we assume j 
by Proposition 2.3 and (|3.63p . we have 

i(lte) = 2. 

Then by (|3.50p . we have 

i(y 2 m )>7, Vm>2. 
By ([3301) and (I2T2TT) . M 6 = 6 6 = 1 implies 

C s i j6 (* , 5 1 -np = Q, 
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for some p G N and j = 2 or 3. By (|3.65p and (|3.66p . we have j ^ 2, i.e., j = 3. We must have 
p = 1. In fact, by (|3.6ip and (|3.63[) . y™ and y% already contribute a 1 to M g for q = 0, 2, 4. Hence 
by (I2T2TD . (|3H0j) and (13361) . we have i(y 3 ) > 6, and then i(yf ) > 15 by (133(1 for m > 2. Thus 
p = 1 follows from Proposition 2.3. Now we have 

i(y 3 ) = 6. (3.68) 

Hence by ([333]) and (1335]) for yi, (13301) . (13321) . (1335|) and (1338]) for y 2 and y 3 , we have 

x(yi) x(y2) x(ys) _ i 1 i 1 

%i) %a) 4 2(5 + 2(9 + f) 2' 

This contradicts (|3.47p and proves Case 1. 
Case 2. &o(j/i) = and £2(2/1) = 1- 

The study for this case is similar to that of Case 1. Thus we are rather sketch here. 
In this case, by Proposition 2.3 and Definition 2.4, we have 

dimC slj 9 (* a , S 1 • O = 8l m _ 2 , VmeN,g£Z. (3.69) 

Then by (13301) and (ET2TJ) . we must have 

Cgy, Am-2^a, S 1 ■ U?) = 0, Vp, m G N, j = 2, 3. (3.70) 

By (jSSSp , and (I2T2TD . M = 6 Q = 1 implies 

C s i t0 (* a , ^-^) = Q, (3.71) 

for some p G N and j = 2 or 3. By (|3.64p . we have p = 1. Without loss of generality, we assume 
j = 2. Then by Proposition 2.3 and (|3.50p . we have 

i(lte) = 0, W)>6, Vm>3. (3.72) 

By ffBTGQ]) and (|23TI M 4 = 64 = 1 implies 

Csi, 4 (*a, 5 1 -np = Q, (3.73) 

for some p£ N and j = 2 or 3. By (|3.69|) and (|3.72|) . as in the verification of (|3.68p . we have j = 3 
and p = 1. Then by Proposition 2.3, we have 

i(lfe) = 4. (3.74) 
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Hence by 137531) and (137551) for y x , (|575D|) . (13752]) . (13772]) and (137711) for y 2 and y 3 , we have 

X(j/l) X(2/2) x(j/3) _ 1 1 1 1 

Kvi) KV2) i(V3) 4 2(3 + ^) 2(7 + ^) 2' 

This contradicts (|3.47|) and proves Case 2 and then the whole theorem. | 
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